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A general type of edge colorings is described which includes many known 
colorings. Necessary and sufftcient conditions for bicolorability are established by 
using simple alternating chain methods. Sufficient conditions for k-colorability are 
then stated. The first type of condition consists of excluding obstructions (i.e., non- 
bicolorable partial graphs) from the graph; the second type of condition requires 
some topological properties for the obstructions. 
1. INTRODUCTION 
In this article, we intend to describe a general framework for edge coloring 
problems in multigraphs. We will generalize several results related to some 
particular types of colorings. 
The graph theoretical definitions not given here can be found in Berge [ 11. 
All colorings will be edge colorings. 
Let G = (X, E) be a multigraph; a k-coloring (of edges) is a partition C of 
the edge set into k subsets corresponding to the k colors. C(i, x) will be the 
degree of node x in the partial multigraph generated by the subset of i-edges 
(edges of color i) in C. The concept of regular colorings has been introduced 
for generalizing many types of colorings (good, equitable, usual, etc.) [8]. 
Given a multigraph G = (X, E) and a positive integer k, we assign to each 
node x an interval Z(x) = [a(x),P(x)] such that a(x) < &(x)/k <B(x) and 
a(x), p(x) are integers. A k-coloring C will be called Z-regular if for each 
node x and for each color i we have 
C(i, x) E Z(x). 
For instance, if Z(x) = [ /d,(x)/kJ, [&(x)/k]] we have an equitable k-coloring 
of G [1,6]. 
* This paper was written while the author was visiting the Institute of Datalogy at the 
University of Copenhague in March 1980. The research was supported by the University of 
Copenhague. 
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More generally we may assign a positive integer p(x) to each node x and 
define Z(X) = [a(x), p(x)] as follows: 
44 = Pw4dxYkP(4J~ 
P(x) = P(~)~4hY~P(~)l. 
Then, clearly a(x) < &(x)/k </3(x) and we have a generalized equitable k- 
coloring of G [9]. 
Similarly when Z(x) is given by 
Z(x) = F-4 P(X)1 if 44x) < kdx) 
= [P(X)? 001 if da(x) > kp(x) 
we have a generalized good k-coloring [9]. Hilton has considered the case 
where p(x) = j for each node x [S]; if j = 1 then we have a good k-coloring 
(21. 
Furthermore usual k-colorings (no two adjacent edges have the same 
colors) are also Z-regular colorings since one has Z(x) = [0, l] for each 
node x. 
Many Z-regular colorings are constructed by repeatedly applying a 
recoloring procedure based on exchanges of two colors (see [2-61 for 
instance). In the next section we shall describe this procedure. Section 3 will 
be devoted to another type of sufficient conditions for the existence of Z- 
regular colorings. 
2. OBSTRUCTIONS TO BICOLORINGS 
Recall that a multigraph G is called eulerian if it is connected and all 
nodes have even degrees. A eulerian graph will be odd if it has an odd 
number of edges (an odd eulerian multigraph is sometimes called an odd 
cycle). 
We now state a bicoloring lemma which will be used in the general 
recoloring procedure. 
LEMMA 2.1. Let G = (X, E) be a multigraph where an interval I(x) = 
[a(x), /3(x)] is assigned to each node x with a(x) Q d,(x)/2 q/?(x). 
(a) G has an Z-regular bicoloring IT G is not an odd eulerian 
multigraph with da(x) = 24x) or d,(x) = 2/3(x)@ each node x. 
(b) Zf G is an odd eulerian multigraph where each node satisfies 
d,(x) = 2a(x) or d,(x) = 2/3(x), then we can choose an arbitrary node x0 and 
construct a bicoloring C such that 
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(i) C(a, x) = C(b, x) E Z(x) fir x # x0, 
(ii) C(u, x0) - C(b, x0) = 2. 
Proof: (a) Clearly if G is an odd eulerian multigraph where for each 
node x we have either dG(x) = 24x) or d,(x) = 2/4x), then we must have 
C(u, x) = C(b, x) for each node x in an Z-regular bicoloring. This is 
impossible since G has an odd number of edges. 
Conversely suppose G is not an odd eulerian multigraph where for each 
node x, a(x) = d,(x)/2 or p(x) = d&x)/2. 
(al) If G is an odd eulerian multigraph, there exists a node z with 
a(z) < WY2 < P(z)* w  e can follow a eulerian cycle in G starting and 
ending at z and color its edges alternately with colors a and b. The resulting 
coloring C will give C(a, x) = C(b, x) for each node x # z. Furthermore for z 
we have C(u, x) - C(b, x) = 2; since a(x) < d,(x)/2 <p(x) for each x # z, 
the coloring will satisfy C(i, x) E Z(x) for these nodes and for i = a, b. For 
node z we will have 
a(z) < d,(z)/2 - 1 < min(C(u, z), C(b, z)) 
< max(C(a, z), C(b, z)) < d,(z)/2 + 1 &P(z). 
(a2) If G is not an odd cycle, we may construct a eulerian decom- 
position (i.e., a partition of the edge set into the smallest possible number of 
chains). If G is eulerian, the decomposition consists of a unique cycle of even 
length. 
Otherwise, all these chains have distinct endpoints. Coloring the edges of 
each chain alternately with colors a and b will give C(u, x) = C(b, x) = 
4AxY2 E Z( x 1 f or each node x with even degree and ) C(a, x) - C(b, x)1 = 1 
for each node x with odd degree. Since Z(x) 3 d,(x)/2 and since a(x), p(x) 
are integers, C(u, x) and C(b, x) are in Z(x). 
(b) As before we start at x0; we follow the eulerian cycle and color its 
edges alternately with colors u and b. If we start with color a, we will get 
C(u, x0) = C(b, x0) + 2 and (ii) will follow. Also (i) follows from d,(x) = 
2a(x) or 2/?(x). End of proof. 
As applications of this lemma we get the following: 
(a) For generalized equitable bicolorings, Z(x) = [p(x)[d,(x)/2p(x)j, 
P(xN43(xY2P(x)ll so d,(x)/2 is an extreme point of Z(x) iff d,(x)/2p(x) is 
an integer. Hence: 
COROLLARY 2.1 GE [9]. A connected multigruph G has a generalized 
equitable bicoloring lfl G is not an odd eulerian multigraph with d,Jx) = 0 
(mod 2p(x)) for each node x. 
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If p(x) = I for every node x: a connected multigraph G has an equitable 
bicoloring iff G is not an odd eulerian multigraph [6]. 
(b) For generalized good bicolorings, 
I(x) = [a P(X)1 if d,(x) 4 &G) 
= [P(X), 4 if d,(x) > Q(x) 
so that d,(x)/2 is an extreme point of I(x) if and only if d,(x)/2 = p(x) (we 
may exclude the cases d,(x)/2 = 0 or 00). Thus: 
COROLLARY 2.1 GG [9]. A connected multigraph G has a generalized 
good bicoloring lr G is not an odd eulerian multigraph with d,(x) = 2p(x) 
for each node x. 
Again if p(x) = 1 for every node x: a connected multigraph G has a good 
bicoloring iff G is not an elementary odd cycle [3]. 
Let k be a positive integer and suppose we are interested in I-regular k- 
colorings of a multigraph G. 
Given an interval I(x) = [o(x), p(x)] for each node x of a multigraph G, 
we shall call an odd eulerian partial multigraph H of G where for each node 
x d,(x) = 24x) or d,(x) = 2/3(x) an obstruction to an I-regular bicoloring of 
G, or in short an I-obstruction. 
THEOREM 2.1. Let k > 0 be an integer and G a multigraph which 
contains no I-obstruction; then G has an I-regular k-coloring. 
In order to evaluate how far a k-coloring C in G is from an I-regular k- 
coloring, we define the following distances for each node x [8]: 6,(x, C) = 
max(O, a(x) - C(i, x), C(i, x) -p(x)) (i = l,..., k), where a(x) and /I(x) are 
the extreme points of I(x). Furthermore 6(x, C) = xi 6,(x, C) 2 0. A k- 
coloring C will be Z-regular iff 6(x, C) = 0 for each node x. 
Proof of Theorem 2.1. We assume k > 2 and we start from any k- 
coloring C such that 6(x,, C) > 0 for some node x0 and we show how to 
construct a k-coloring C’ with 
6(x,, C’> < 6(x,, C) 
and 
6(x, C’) < 4% C) for all nodes x # x0. 
Recoloring Procedure. Let a and b be colors defined by C(a, x,,) = 
max, C(i, x,); C(b, x,) = min, C(i, x0). Clearly a and b are distinct (because 
otherwise for each i C(i, x,,) = d&x,)/k E 1(x,) and 6(x,, C) = 0). 
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Furthermore we have C(u, x0) - C(b, x,) > 2 since C(u, x0) - C(b, x0) = 1 
would mean that &(x,)/k is not an integer and in this case a(xJ < 
k4kJl~l~ P(xcJ 2 &b3Y~l so that C(a, x0), C(b, x0) are in Z(x,) and 
6(X,) C) = 0. 
Also 6(x,, C) > 0 implies that either CC@, x0) > /?(xO) or C(b, x,,) < a(~,,). 
Let C,,(x,) be the connected component containing x0 of the partial 
multigraph formed by the a-edges and the b-edges. 
By assumption C&x,) is not an Z-obstruction. So we may recolor it as in 
the proof of Lemma 2.1 by using a eulerian decomposition; we get a new 
coloring C’ such that 1 C’(a, x) - C’(b, x)1 < 1 for all nodes x of C,,(x,) if it 
is not an odd cycle. If C,,(x,) is an odd cycle, this holds for all nodes except 
one arbitrary node z where 1 C(a, z) - C(b, z)l = 2. 
Case 1. If C,,(x,) is not an odd eulerian multigraph, we will have for 
each node x # x0 1 C’(u, x) - C’(b, x)1 < I C(u, x) - C(b, x)1 and one verifies 
that this will give 6,(x, C’) + 6,(x, C’) < 6,(x, C) + 6,(x, C). For node x,, we 
will have I C’(u, x0) - C’(b, x,,)l Q 1 < 1 C(u, x0) - C(b, x,,)l and since we had 
either W, x0) > P(x,) or W, x0) -c 44, 4dxo, C’) + 4dx0, C’) < 
f&l 3 C) + 6*(x0 7 Cl. 
Case 2. If C&x,) is an odd eulerian multigraph H there exists a node 
z (which may coincide with x,,) where either a(z) < 4,(z)/2 <j?(z) or 
d,(z)/2 < a(z) or d,(z)/2 > P(z). A ccording to the proof of Lemma 2.1 we 
may recolor H and get a new coloring C’ with 1 C’(u, x) - C’(b, x)1 = 0 < 
1 C(a, x> - C(b, XI f or each node x # z and this gives again 6,(x, C’) + 
6,(x, C’) Q 6,(x, C) + 6,(x, C) for these nodes. For node z we have 
I C’(u, z) - C’(b, z)I = 2. Clearly if I C’(u, z) - C’(b, z)l < I C(u, z) - C(b, z)l, 
then 6,(z, C’) + S,(z, C’) < 6,(z, C) + B,(z, C). The only situation to 
examine is j C(u, z) - C(b, z)I = 0. 
Case 2.1. d,(z)/2 < a(z). Then C(u, z) = C(b, z) = d,(z)/2 < a(z) 
and 6Jz, C) + 6,(z, C) = 2a(z) - C(u, z) - C(b, z); after we get recoloring 
C’, 6,(z, C’) = 6,(z, C) - 1 and c$,(z, C’) = 6,(z, C) + 1 if we start coloring 
the eulerian cycle with an u-edge. So 6,(z, C’) + 6,(z, C’) = 6,(z, C) + 
w, c>. 
Case 2.2. d,(z)/2 > /3(z). A similar reasoning gives 6,(z, C’) + 
c&(2, C’) = 6,(z, C) + &(z, C). 
Case 2.3. a(z) < d,(z)/2 < /3(z). This implies p(z) - a(z) > 2 since 
a(z), p(z) and d,(z)/2 are integers. Now C’(u, z) and C’(b, z) are in Z(z), so 
6,(z, C’) + 6,(z, C’) = 0 < d,(z, C) + &(z, C). 
We have to show that in all cases 6,(x0, C’) + &(x,,, C’) < 6,(x0, C) + 
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6,(x,, C). If z # x0, this is true because C’(a, x0) - C’(b, x0) = 0 ( 
] C(a, x0) - C(b, xi)] and either C(a, x0) > p(xo) or C(b, x0) ( a(xo). 
If z=xo, we have 2 = ] C’(a, x0) - C’(b, x0)] < ] C(a, x0) - C(b, x0)] in 
case 2.1; in order to see this assume that d,(z)/2 ( a(z) and C(a, x0) = 
C(b, x0) + 2; then C(a, x0) z maxi C(i, x0) = &(x,)/2 + 1 and since 
C(b, x0) < a(xo) we have &(x,)/k = (l/k) Ci C(i, x0) < a(xo). This is in 
contradiction with the definition of a(xo). 
A similar reasoning can be used for case 2.2 while in case 2.3 we have 
4x0) < 4,(xoP -c B(x,) and C’( a, x0) = C’(b, x0) + 2. This implies that 
4x0) G d,(x,)/2 - 1 = C’(b, x0) Q C’(u, x0) = d,(x,)/2 + 1 < p(xo>. 
so * 
47@, 9 C’) + 6*(x0, C’) = 0. 
Thus in cases 1 and 2 we have obtained a coloring C’ such that 6(x,, C’) < 
6(x,, C) and 6(x, C’) < 6(x, C) for all nodes x # x0. This holds because for 
all nodes x and all colors i # a, b we have 6i(X, C’) = ai(x, C). This ends the 
description of the recoloring procedure. 
For establishing Theorem 2.1 we only have to reapply this procedure at 
node x0 until we get a coloring D with 6(x,, D) = 0. Then we repeat the 
whole process with some other node y for which S(y, D) > 0. Finally, we will 
get the required coloring. End of proof. 
The following corollaries generalize results of Hilton [5]. 
COROLLARY 2.2 [9]. Let G = (X, E) be a multigraph in which each node 
x is associated with a positive integer coeflcient p(x). If G contains no 
euleriun odd partial multigruph H with d,(x) = 0 (mod 2p(x)) for each 
node x, then G has a generalized equitable k-coloring for any k 2 2. In 
particular a bipartite multigraph has an equitable k-coloring for any k > 2. 
COROLLARY 2.3 [9]. Let G = (X, E) be u multigraph in which each node 
x is associated with a positive integer p(x). If G contains no eulerian odd 
partial multigraph H with d,,(x) = 2p(x) for each node x, then G has a 
generalized equitable k-coloring for any k > 2. 
Let us now consider another type of coloring; given a multigraph 
G = (X, E) and a positive integer k, we assume that we are given two non- 
negative integers pl, p2 such that kp, < d,(x) < kp, for each node x. 
If we take I(x) = [a(x), /3(x)] = [p,, pZ], then a(x) < d&x)/k </3(x) and 
the I-obstructions are the odd eulerian multigraphs H such that d,(x) = 2p, 
or 2p, for each node x. Such I-regular k-colorings are called p-bounded. 
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COROLLARY 2.4. Let k 2 2 be an integer and G = (X, E) a multigraph 
in which each node x is associated with two integers p,, p2 such that p, < 
do(x)/k < pz. If G contains no odd eulerian partial multigraph H with 
d,(x) = 2p, or 2p, for each node x, then G has a p-bounded k-coloring. 
3. GRAPHS WITH OBSTRUCTIONS 
In the previous section, we have excluded I-obstructions from the 
multigraphs we were considering. This allowed us to use repeatedly a simple 
recoloring procedure involving two colors at a time for getting an Z-regular 
k-coloring. 
Exclusion of I-obstructions is a strong condition and in some cases, we 
may construct I-regular k-colorings in multigraphs which may contain Z- 
obstructions but these are required to have some topological properties in G. 
As an example of results of this type, we shall mention the quasiweak odd 
cycles of a multigraph in the case of good k-colorings [7]. The I-obstructions 
are the elementary odd cycles. An elementary odd cycle 0 in G = (X, E) is 
quasiweak if 
(i) it contains a node not joined in G, = (X, E - 0) to any node of 0 
by an elementary odd chain, 
(ii) the remaining nodes of 0 may be partitioned into two odd subsets 
C,, C, of consecutive nodes such that in G, no elementary odd chain joins 
some node of C, to some node of C, . 
Then one can show by using a recoloring technique which is slightly more 
intricate than the previous one: 
THEOREM 3.1 [7]. Let G be a connected multigraph which is not an odd 
elementary cycle; tfall elementary odd cycles in G are quasiweak, then G has 
a good k-coloring for each k > 2. 
By extending the coloring procedure used for proving Theorem 3.1, one 
can get the following: 
THEOREM 3.2 191. Let k be a positive integer and G = (X, E) be a 
multigraph each node x of which is associated with a positive integer p(x). If 
each odd eulerian partial multigraph H with d,(x) = 0 (mod 2p(x)) for all x 
meets some node y for which either do(y) > k(d,( y)/2 + 1) - 1 or da(y) < 
k(d,( y)/2 - 1) + 1, then G has a generalized equitable k-coloring. 
THEOREM 3.3 [9]. Let k be a positive integer and G = (X, E) a 
multigraph each node of which is associated with a positive integer p(x). If 
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each odd eulerian partial multigraph H with d,,(x) = 2p(x) for all x meets 
some node y for which either d,(y) > k(p( y) + 1) - 1 or d,(y) < 
k(p(y) - 1) + 1, then G has a generalized good k-coloring. 
Theorems 3.2 and 3.3 are in fact consequences of the following result 
which can be established by applying a similar recoloring technique. 
THEOREM 3.4. Let k > 3 be an integer and G = (X, E) be a multigraph. 
Assume that to each node x corresponds an interval I(x) = [a(x),/?(x)], 
where a(x), P( x are integers satisfying a(x) < d&x)/k <p(x). If every I- ) 
obstruction H in G meets some node y for which either do(y) > 
k(d,(y)/2 + 1) - 1 or dG( y) < k(d,( y)/2 - 1) + 1, then G has an Z-regular 
k-coloring. 
Proof of Theorem 3.4. We start again from a k-coloring C where 
6(x,, C) > 0 for some node x0 ; let a be such that C(a, x0) = maxi C(i, x0) 
and b such that C(b,x,) = min, C(i, x0). We must have C(a, x0) >, 
C(b, x,,) + 2 and either C(a, x,,) > /3( x ,,) or C(b, x,) < a(~,,). If the connected 
component C,,(x,) is not an Z-obstruction, then we can find a better coloring 
C’ as in the proof of Theorem 2.1. The same can be done if C&x,) is an I- 
obstruction which is not a closed alternating (a, b)-chain. 
The only situation we have to consider is when C,,(x,) is an I-obstruction 
H with C(a, x) = C(b, x) = a(x) or p(x) for x fx, and C(a, x0) = 
C(b, x,) + 2; we know that either a(~,,) or jI(xJ is equal to C(b, x0) + 1. 
According to our assumption, there is in H = C,,(x,) a node z with either 
(i) d,(z) > k(d,(z)/2 + 1) - 1 or (ii) d,(z) < k(d,(z)/2 - 1) + 1. This means 
that there exists a color c # a, b for which C(c, z) > C(a, z) + 2 = C(b, z) + 2 
in case (i) or C(c, z) < C(a, z) - 2 = C(b, z) - 2 in case (ii). Clearly we must 
have z #x,, because otherwise in case (i) C(c, x0) > C(a, x,-J + 2 and 
C(c, x,,) < C(b, x,,) - 2 in case (ii); this would contradict the choice of colors 
a and b. 
Let us construct a coloring C’ such that in C;,(x,) = C&xx,) one has 
C’(a, x) = C’(b,x) for each node x # z and C’(a, z) = C’(b, z) + 2. This 
gives: 6,(x, C’) + 6,(x, C’) Q 6,(x, C) + 6,(x, C) for all nodes x # x,,, z. 
6,(x,, C’) + 6,(x,, C’) Q 6,(x,, C) + &(x0, C) - 1. For z we had 6,(z, C) + 
6,(z, C) = 0 since C(a, z) = C(b, z) = d,(z)/2 = a(z) or p(z) by assumption. 
Since C’(a, z) = C’(b, z) + 2 we have 6,(z, C’) + 6,(z, C’) = E, where E = 1 
if a(z) < /I(z) or c = 2 if a(z) =p(z). 
In case (i) for the connected component C;,(z) we have C’(b, z) = 
C(b, z) - 1 and C’(c, z) >, C(b, z) + 2 = C’(b, z) + 3. By interchanging 
colors in an alternating (c, b)-chain starting at z with an edge of color c and 
extended as far as possible, we can recolor C&(z) and get a coloring C” such 
that 1 C”(b) x) - C”(C, x)1 < 1 C’(b, x) - C’(c, x)1 for all x # z and 1 C”(b, z) - 
C”(c, z)j < ) C’(b, z) - C’(c, z)l; this gives 6,(x, C”) + 6,(x, C”) Q 
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6,(x, C’) + 6,(x, C’) f or all x # z. This is valid in particular for x = x,,. For 
node z we have 6,(z, C”) + ~Jz, C”) < 6,(z, C’) + 6,(z, C’) - E. So 6(z, C”) 
< 6(z, C’) - E = 6(2, C) and 6(x,, C”) < 6(x,, C’) < 6(x,, C). Furthermore, 
for all nodes x # x0, z we have 6(x, C”) < 6(x, C’) < 6(x, C). In case (ii) we 
would proceed similarly with the connected component CL,(z) and we would 
reach the same conclusion. 
Repetition of this procedure will finally lead to an Z-regular edge k- 
coloring of G. End of proof. 
Another way of requiring topological properties for I-obstructions is 
suggested by, a theorem of Fournier [4] stating that if no node has degree k 
in a simple graph, one can find a good k-coloring. 
THEOREM 3.5. Let k be a positive integer and G = (X, E) a simple 
graph. If every elementary odd cycle in G meets only nodes x with d,(x) # k, 
then G has a good k-coloring. 
This result is derived as follows: 
First each node with degree k may temporarily be split into a node of 
degree k - 1 and a node of degree 1 for instance. Then one can construct a 
good k-coloring according to the result of Fournier. Next we get the initial 
graph back by recombining the nodes which were previously split. In order 
to obtain a k-coloring which is good, we only have to apply a recoloring 
procedure based on Lemma 2.1 for improving the coloring at nodes of 
degree k. Such a procedure can indeed be used because by assumption no 
node of degree k is on an I-obstruction (i.e., an odd cycle). 
The following related result was obtained by Fournier [4]: 
Let k be a positive integer and G = (X, E) a simple graph: If every 
elementary cycle (even or odd) of G has at least one node x with dG(x) # k, 
then G has a good k-coloring. 
4. CANONICAL COLORINGS 
In this section we will give an extension of the concept of canonical 
coloring given by Hilton [5 J and state a result which generalizes severai 
properties of various types of canonical colorings [B]. 
An I-regular k-coloring C of the edges of a multigraph G will be canonical 
if the following holds: 
if edge e has colorj, then there is one endpoint 2 of e with either C(i, z) = 
p(z) for i = l,..., j - 1 or C(j, z) = a(z). 
This means in particular that C(i, z) > C(j, z) for i = I,..., j - 1. 
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THEOREM 4.1. Let k > 0 be an integer and G = (X, E) be a multigraph 
without loops. Assume each node x is associated with an interval I(x) = 
[a(x), /3(x)], where a(x), /3(x) are integers such that a(x) < d&x)/k Q p(x). If 
G contains no I-obstruction, then G has a canonical I-regular k-coloring. 
The proof is by induction on k and follows the lines of the less general 
result given in [9]. 
As applications, we may consider the following: if in Corollary 2.2 G is 
also assumed to have no loops, then there exists a generalized equitable k- 
coloring C where: 
If edge e has color j, then for one endpoint z of e either C(i, z) = 
p(z)lWYk.(z)l 0 = L..., j - 1) or WY z) = p(z)~&(z)/W)l. 
If in Corollary 2.3 G is also assumed to have no loops, then there exists a 
generalized good k-coloring C which satisfies also: 
if edge e has color j, then there is one endpoint z of e such that 
(a) C(i, z) 2 C(j, z) = p(z) (i = l,..., j - 1) if do(z) >, kp(z), 
(b) C(i, z) = p(z) (i = l,..., j - 1) if dG(z) < kp(z). 
Finally if in Corollary 2.4 G is also assumed to have no loops, then there 
exists a p-bounded k-coloring C which also satisfies: 
if edge e has color j, then there is one endpoint z of e with either 
C(i, z) = p2 (i = l,..., j - 1) or C(j, z) = pl. 
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